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We microscopically examine the intergrain Josephson current in iron-pnictide superconductors
in order to solve the puzzle of why the intergrain current is much lower than the intragrain one.
The theory predicts that the intergrain Josephson current is significantly reduced by the ±s-wave
symmetry when the incoherent tunneling becomes predominant and the density of states and the
gap amplitude between two bands are identical. We find in such a situation that the tempera-
ture dependence of the intergrain Josephson current shows an anomalously flat curve over a wide
temperature range. Finally, we suggest important points for increasing the intergrain current.
PACS numbers: 74.25.Sv,74.50.+r,74.81.Bd,74.20.Rp,74.81.Fa
Since the discovery of iron-pnictide
superconductors1,2, their application potential has
been intensively argued. It is now widely accepted
that they have several advantages as superconducting
wires, tapes, and cables due to high transition tem-
perature, rich material varieties, and weak anisotropy.
However, an issue crucial for the transport applications
of iron-pnictide superconductors has been reported by
several groups. In polycrystalline samples, although the
superconductivity is sufficiently strong inside each grain,
the bulk critical current is unexpectedly small3,4,5,6,7.
This experimental finding indicates that the bulk critical
current is limited by intergrain currents over the grain
boundaries in polycrystalline samples.
In polycrystalline samples of high-Tc cuprates
8,9 and
conventional superconductors10, the intergrain coupling
at the grain boundaries has been a key topic in assessing
their transport applicability. Hence, it is also important
in iron-pnictide superconductors to examine the inter-
grain coupling and understand their own physics.
In this study, we investigate the superconducting tun-
neling current at the grain boundaries in polycrystalline
samples of two-band superconductors described by the
two-band BCS Hamiltonian11. We show that the inter-
grain Josephson current is largely suppressed when the
Cooper pair symmetry is ±s-wave12,13,14,15,16 together
with some conditions. On the basis of this result, we
propose that the bulk critical current is limited by the
reduction mechanism due to the ±s-wave symmetry in
iron-pnictide superconductors. The limitation is signif-
icant when polycrystalline samples are regarded as a
Josephson-coupled assembly of superconducting grains.
In addition, we discuss strategies for increasing the in-
tergrain critical current.
Throughout this study, we concentrate on a weak-link
formed between two grains and evaluate its intergrain
current, assuming the ±s-wave gap symmetry. As shown
in Fig. 1, the weak-link is regarded as a one-dimensional
Josephson junction sandwiched by two superconducting
plates. We microscopically calculate the Josephson crit-
ical current density Jc. Such a basic study is necessary
prior to examining an ensemble of weak-links.
It is known that in Josephson junctions there are two
tunneling processes depending on junction quality. One
is incoherent tunneling17,18,19, which does not conserve
the momentum of quasi-particles at the tunneling pro-
cess. This process takes place in junctions with diffu-
sive interfaces. The other is coherent tunneling20,21,22,23,
in which the momentum of the quasi-particles is con-
served. In most artificially made Josephson junctions,
the incoherent tunneling is predominant, while in high-Tc
intrinsic Josephson junctions such as Bi2Sr2CaCu2O8
20
the coherent tunneling should be considered as a relevant
process in the c-axis transport. In this study, we calcu-
late the intergrain Josephson current by taking account
of both the processes.
In a Josephson junction between multigap (typically
two-gap) superconductors, two channels are possible in
the incoherent tunneling, i.e., intra- and inter-band tun-
neling channels. In the intra (inter)-band tunneling,
Cooper pairs can tunnel between identical (different)
FIG. 1: (Color online) Schematic figure of a polycrystalline
sample (left-hand side) and focus of an intergrain Joseph-
son junction between two-gap superconducting grains (right-
hand side), in which two incoherent tunneling channels are
schematically depicted.
2bands in the left and right superconductors, as seen in
Fig. 1, in which the solid (dashed) arrows indicate the
intra (inter)-band Cooper pair tunneling. On the other
hand, we note that no interband channel exist in the co-
herent tunneling.
Let us now investigate the Josephson coupling between
the two-gap superconductors as depicted in Fig. 1. We
calculate the Josephson critical current Jc in two cases
of the gap symmetry, i.e., ±s-wave and s-wave with no
sign change, to show the significant reduction in Jc in the
±s-wave case. The tunneling Hamiltonian in the present
system is written as
HˆT =
∑
a,b,σ
∫
d3r
∫
d3r′[T
(ab)
r,r′ ψˆ
(a)†
σ1 (r)ψˆ
(b)
σ2 (r
′) + h.c.],
(1)
where ψˆ
(a)
σℓ is the field operator for electrons with spin
σ(=↑, ↓) in the a-th band in the ℓ-th grain (a = 1, 2
and ℓ = 1, 2). We assume that the tunneling matrix el-
ement T
(ab)
r,r′ is real. To describe the tunneling processes
explicitly, we introduce the momentum representation
of T
(ab)
r,r′ . The Fourier component T
(ab)
k,k′ is expressed as
T
(ab)
k,k′ = δabδk,k′T
(aa)
k
+ T
′(ab)
k,k′ . The first (second) term
corresponds to the coherent (incoherent) tunneling. The
incoherent tunneling usually gives a principal contribu-
tion in conventional Josephson junctions17,18,19. In iron-
pnictide polycrystalline systems composed of randomly
oriented grains with rough boundaries, one expects a
similar situation, i.e., the incoherent tunneling is pre-
dominant. We examine just such a case, in which a tiny
coherent tunneling in addition to a predominant inco-
herent tunneling exists. As shown below, the coherent
tunneling alters not only the critical current but also its
temperature dependence.
Josephson coupling energy is derived on the basis of
the second order perturbation theory with respect to HˆT.
In this study, we assume for simplicity that (T
(ab)
k,k′ )
2 is
expressed as
(T
(ab)
k,k′ )
2 ≈ T 2[wδabδk,k′ + (1− w)] (0 ≤ w < 1). (2)
In the following, we examine the dependence of intergrain
critical current on the nature of the grain boundary inter-
face, i.e., w (ratio of the coherent tunneling to incoherent
tunneling) dependence.
On the basis of the standard method employed in sev-
eral studies17,18,19, the Josephson coupling energy be-
tween the two grains is given by
EJ = −
∑
a,b
(δabJ
(aa)
coh + J
(ab)
incoh) cos(ϕ
(b)
2 − ϕ(a)1 ), (3)
where
J
(aa)
coh = wT 2N2a3πǫFL(β∆a), (4)
J
(ab)
incoh = (1 − w)T 2NaNbπ2∆abS K(k;β∆abL ), (5)
FIG. 2: (Color online) Illustration of possible incoherent chan-
nels of the intergrain tunneling, in which superposition or can-
cellation occurs depending on the type of the pairing symme-
try inside the grains. The symbol J
(ab)
incoh means the Josephson
coupling energy corresponding to each tunneling channel, and
a, b = 1, 2, where 1(2) is the band index.
k = [1 − (∆abS /∆abL )2]1/2, Na(Nb) is the density of states
(DOS) on the Fermi surface for the electron of the a(b)-
th band, ǫF is the Fermi energy, and β(= 1/kBT ) is the
inverse temperature. The amplitude of the a(b)-th or-
der parameter is written as ∆a(∆b)(> 0). We define
∆abS (∆
ab
L ) as ∆
ab
S = min(∆a, ∆b) (∆
ab
L = max(∆a, ∆b)).
Clearly, ∆abS = ∆
ab
L = ∆a when a = b. The a-th super-
conducting phase in the ℓ-th grain is expressed as ϕ
(a)
ℓ .
The functions L(ν) and K(k; ν) are, respectively, defined
as
L(ν) =
∫ π/2
0
du
[
cosu tanh
(
ν
2 cosu
)
−ν
2
sech2
(
ν
2 cosu
)]
, (6)
K(k; ν) =
2
π
∫ 1
0
du
1√
(1− k2u2)(1 − u2)
× tanh
(
ν
√
1− k2u2
2
)
. (7)
Here, we note that the difference of chemical potentials
between the grains is assumed to be zero as deriving
Eq. (4).
Let us evaluate the intergrain critical current from EJ.
First, we define the a-th band superconducting phase dif-
ference between the two grains as
γ(a) = ϕ
(a)
2 − ϕ(a)1 . (8)
In term of γ(a), we find that
ϕ
(1)
2 − ϕ(2)1 = γ(1) + χ1, (9)
ϕ
(2)
2 − ϕ(1)1 = γ(2) − χ1, (10)
where χℓ is the relative phase difference between the two
order parameters in the ℓ-th grain. The pairing symme-
try in iron-pnictide superconductors is presently expected
to be the ±s-wave symmetry12,13,14,15,16. In addition, the
recent experiments of the magneto optical images3,4,5,6,24
3show that superconductivity grows inside each grain.
Thus, we can naturally assume that χℓ should be rigidly
fixed as π. This indicates that ϕ
(1)
2 − ϕ(2)1 = γ(2) + π,
ϕ
(2)
2 − ϕ(1)1 = γ(1) − π, and γ(1) = γ(2) up to modulo 2π.
Then, we have EJ = −Jc cos γ(1), where
Jc =
∑
a
(J
(aa)
coh + J
(aa)
incoh) + (−1)η(J (12)incoh + J (21)incoh), (11)
and η = 1 for the ±s-wave symmetry. In Eq. (11), we
find a cancellation mechanism between the currents in
the incoherent tunneling channels, i.e., a cancellation be-
tween J
(aa)
incoh and J
(ab)
incoh (a 6= b) [Fig. 2] for the ±s-wave
symmetry. We remark that for the s-wave with no sign
change, we have η = 0 and no cancellation. At T = 0,
we have an explicit formula for Jc(T = 0) as a function
of w,
Jc(T = 0) = (1− w)J0 1 + (−1)
ηr
1 + r
+ wσn
3~ǫF
4e2
, (12)
where
J0 =
σnπ~
4e2
N21∆1 +N
2
2∆2 + 2κN1N2∆
12
S
(N1 +N2)2
, (13)
σn =
4πe2
~
T 2(N1 +N2)2, (14)
r =
2κN1N2∆
12
S
(N21∆1 +N
2
2∆2)
, (15)
and e is the charge of an electron. The positive num-
ber κ(≤ 1) is given by κ = 2K(k)/π, where K(k) is the
complete elliptic integral of the first kind25. The factor
J0 is the intergrain critical current for w = 0 (i.e., in-
coherent tunneling only), and σn is the normal electron
conductivity determined by the incoherent tunneling.
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FIG. 3: (Color online) Intergrain critical current at T = 0 in
the incoherent tunneling only (w = 0) vs. ∆2/∆1. The unit
of the current is Js = σnπ~∆1/4e
2. (a) N2/N1 = 1 and (b)
N2/N1 = 3/7.
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FIG. 4: (Color online) Temperature dependence of inter-
grain critical current with coherent-tunneling effect (w 6=
0) or without incoherent-tunneling effect (w = 0) for ±s-
wave superconductors (η = 1). We set ∆2/∆1 = 0.5,
∆1(0)/ǫF = 10
−2, and ∆1(0)/kBTc = 3. The unit of Jc is
Js = σnπ~∆1(0)/4e
2. (a) N2/N1 = 1 and (b) N2/N1 = 7/3.
Here, let us evaluate Jc in the limiting case, i.e., w = 0
and T = 0, in more detail. Figure 3 shows that the
±s-wave symmetry leads to the significant suppression
of Jc compared with the s-wave symmetry. The suppres-
sion ratio of the critical current to Js(= σnπ~∆1(0)/4e
2),
which corresponds to the intergrain Jc in the single-gap
(∆1) superconducting case, strongly depends on the dif-
ferences between the DOS and the gap magnitudes of the
two bands. The theory predicts that the perfect identity
of the superconducting and normal properties between
the two different bands (i.e., N1 = N2 or ∆1 = ∆2) leads
to a great suppression for the ±s-wave.
The marked suppression due to the ±s-wave sym-
metry requires equivalence between the corresponding
two bands. However, the equivalence is not per-
fect in real iron-pnictide superconductors, since several
experiments26,27,28 suggested that two (in reality more
than two) different magnitude gaps coexist in such ma-
terials. As for Ba0.6K0.4Fe2As2, one can find two gaps in
hole-like bands, ∆α and ∆β , and one gap in an electron-
like band, ∆γ , where |∆β | ∼ |∆γ | and |∆β |/|∆α| ∼ 0.5.
One can find that SmFeAsO1−xFx has two different-
magnitude gaps, although their relevance to the band
structure remains unclear. The value of N2/N1 is also
not equal to 1. From the first-principles calculation of
the electronic structures29, we can find that, for LaFeAs
(BaFe2As2), the DOS’s in the three hole-like bands are
0.24, 0.64, and 0.49 (0.39, 0.64, and 0.49), and the DOS’s
in the two electron-like bands are 0.34 and 0.41 (0.42
and 0.38). Information on the gap amplitudes and band
structure is crucial in evaluating the effect of the ±s-
wave symmetry. In particular, when the very low inter-
grain critical current density is measured like those in
SmFeAsO1−xFx
3,4,5,6 and Ba(Fe1−xCox)2As2
7, it is im-
portant to examine the suppression ratio induced by the
±s-wave symmetry.
4In the presence of the coherent tunneling, the above
situation is markedly altered even if the coherent com-
ponent is tiny. From Eq. (12), one understands that the
incoherent tunneling does not become predominant when
∆1, ∆2 ≪ wǫF20. We assume that ∆1(T = 0)/ǫF = 10−2
and ∆1(T = 0) > ∆2(T = 0) hereafter. Figure 4
shows the increase in Jc by the inclusion of the coher-
ent tunneling. It is clear that the suppressed Jc rapidly
recovers by incorporating a small fraction of the coher-
ent tunneling. We also find that the temperature depen-
dence of Jc shows characteristic features. Here, we note
that the temperature dependence of each superconduct-
ing gap is assumed to obey the weak coupling isotropic
BCS-type theory. We use the approximate formula30,
∆a(T ) = ∆a(0) tanh{1.82[1.018(Tc/T − 1)]0.51}. When
w = 0 and N1 = N2, the temperature dependence of
Jc is almost constant over a wide range of temperature.
This behavior arises from two facts. First, the intra-
and inter-band Josephson currents obey almost equiva-
lent temperature dependences over a wide temperature
range when N1 = N2. This means that their rates of
decrease with respect to temperature are almost equal.
Secondly, the cancellation between them due to the ±s-
wave occurs in Eq.(11). Thus, as the two conditions are
satisfied, such an anomalous temperature dependece be-
comes observable. Hence, one can roughly determine the
gap symmetry (±s or s) and the incoherent tunneling
ratio from the temperature dependence of Jc.
When the incoherent tunneling is predominant, the
suppression and temperature dependence of Jc strongly
depend on ∆2/∆1 and N2/N1. The suppression rate
of Jc to Js is 0.004 for N2/N1 = 1 and ∆2/∆1 = 0.8
[Fig. 3(a)]. When ∆2/∆1 = 0.8, we can find that Jc/Js’s
for the ±s-wave are 0.06, 0.19, and 0.39, respectively,
for N2/N1 = 0.67, 0.42, and 0.25. The flat temperature
dependence of Jc in Fig. 4(a) is observed when N1 ∼ N2.
Finally, let us discuss important points to enhance the
intergrain critical current. As shown above, the coher-
ent tunneling induces a drastic enhancement of Jc. We
emphasize that even if the percentage of the coherent
component in the tunneling process is only 0.5%, Jc be-
comes about fivefold larger. This can be achieved by
improving the weak-link (junction) properties31. On the
other hand, in the case where no coherent tunneling ex-
ists the suppression of Jc strongly depends on the phys-
ical equivalence between the different bands. We have
found that quite a large suppression in Jc occurs when
∆1 = ∆2 and N1 = N2 in the ±s-wave case. More-
over, we point out that the suppression is not so sen-
sitive to the misorientation angle between neightboring
grains due to the full gap compared to the angle-sensitive
cuprate-superconductors7,8,32. This consideration simply
indicates that materials with ∆1 6= ∆2 and N1 6= N2 are
preferable in avoiding the large suppression of Jc. Of
course, Jc in real polycrystalline samples depends on the
global network structure between grains31, and an ulti-
mate solution for solving the weak-link problem at grain
boundaries is to grow a quasi-single crystal as large as
possible8.
In summary we investigated the intergrain Josephson
current in polycrystalline two-band superconductors with
the ±s-wave symmetry by microscopically deriving the
Josephson coupling energy. The present theory reveals
that the intergrain Josephson current is significantly re-
duced by the existence of inter-band tunneling chan-
nels when the incoherent tunneling is predominant. We
also found the anomalous temperature dependence in the
limit at which the incoherent tunneling is predominant.
Finally, we discussed the important points for increasing
the intergrain Josephson current.
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